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Abstract
The PT-symmetry breaking, consistent hamiltonian interactions in all n ≥ 4 spacetime
dimensions that can be added to an abelian BF model involving a set of scalar fields, two sorts
of one-forms, and a system of two-forms are obtained by means of the hamiltonian deformation
procedure based on local BRST cohomology. This paper enhances one of our previous works,
where only PT-invariant deformations were considered. The associated coupled theory is an
interacting, topological BF model exhibiting an open gauge algebra and on-shell reducibility
relations.
PACS number: 11.10.Ef
1 Introduction
The great advantage of the hamiltonian BRST symmetry [1, 2] is represented by its proper im-
plementation in quantum mechanics [1] (Chapter 14), and also by an appropriate correlation with
the canonical quantization methods [3]. The understanding of this symmetry from a cohomological
point of view made possible a unitary approach to many problems in gauge field theory, such as the
hamiltonian analysis of anomalies [4], the precise relation between local lagrangian and hamiltonian
BRST cohomologies [5], and, recently, the problem of obtaining consistent hamiltonian interactions
in gauge theories by means of the deformation theory [6, 7, 8, 9, 10].
In this paper we investigate the PT-symmetry breaking, consistent hamiltonian deformations in
any spacetime dimension n ≥ 4 of a free abelian topological field theory of BF-type [11] involving
a set of scalar fields, two collections of one-forms, and a system of two-forms. Actually, this
work enhances our previous results from [8], where the interactions were imposed to preserve PT
invariance. Here, we relax this condition and show that the resulting interactions are accurately
described by a topological field theory with an open algebra of first-class constraints, that can be
interpreted in terms of a Poisson structure present in various models of two-dimensional gravity [12,
13, 14, 15]. [The analysis of Poisson Sigma Models, including their relationship to two-dimensional
gravity and the study of classical solutions, can be found in [16, 17, 18, 19, 20, 21] (see also [22])].
The plan of the paper is the following. Section 2 briefly reviews the problem of constructing
consistent hamiltonian interactions in the framework of the BRST formalism, which reduces to
solving two towers of equations that describe the deformation of the BRST charge, respectively,
of the BRST-invariant Hamiltonian associated with a given “free” first-class theory at various
orders in the coupling constant. In Section 3 we determine the hamiltonian BRST symmetry (s)
of the free topological theory under study in n ≥ 4 spacetime dimensions, which splits as the sum
between the Koszul-Tate differential and the exterior derivative along the gauge orbits. This model
is abelian and (n− 2)-stage reducible, the reducibility relations holding off-shell (everywhere in the
phase space). Next, we solve the main equations governing the hamiltonian deformation procedure
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on behalf of the BRST cohomology of the free theory. In Section 4 we initially compute, using
specific cohomological techniques, the first-order deformation of the BRST charge, which lies in the
cohomological space of s modulo the spatial part of the exterior spacetime derivative (d˜) in ghost
number one, H1
(
s|d˜
)
. The first-order deformation of the BRST charge stops at antighost number
(n− 1) and contains two types of solutions: one that preserves the PT invariance and is described
by two sorts of arbitrary functions involving only the undifferentiated scalar fields, previously
investigated in [8], and the other that breaks the PT invariance and has not been considered in the
literature so far. The latter deformation is parametrized by a completely antisymmetric ‘tensor’
of rank n that involves only the undifferentiated scalar fields. The consistency of the first-order
deformation imposes certain restrictions on these three types of functions depending only on the
undifferentiated scalar fields and allows them to be parametrized in terms of a single ‘two-tensor’
(in the collection indices) depending on the scalar fields, that must be antisymmetric and fulfills a
certain identity. The other two functions are obtained from the derivatives of this ‘two-tensor’ with
respect to the scalar fields. Under these conditions, all the other deformations, of order two and
higher, can be taken to vanish, and thus the BRST charge of the interacting model that is consistent
to all orders in the deformation parameter is fully output. Section 5 solves the problem of generating
the deformed BRST-invariant Hamiltonian, which can be taken nonzero only at the first order in
the coupling constant. With the help of these deformed hamiltonian BRST quantities, in Section
6 we identify the interacting gauge theory, which is again topological and displays an open algebra
of constraints (the Dirac brackets among the deformed first-class constraint functions only close
on the first-class constraint surface). The deformed first-class constraints are of course reducible,
but the reducibility relations hold on-shell (on the first-class constraint surface). It is interesting to
observe that the relaxation of the condition on the PT invariance of the deformations brings in new,
consistent, nontrivial terms at the level of both BRST charge and BRST-invariant Hamiltonian.
The only sector that ‘does not feel’ the relaxation of this condition is the redundancy of the deformed
first-class constraints, including both the reducibility relations and functions. Section 7 contains
the main conclusions of the present paper. Two appendix sections complete the description of the
interacting model.
2 Main equations of the hamiltonian deformation procedure
It has been shown in [6] that the problem of constructing consistent hamiltonian interactions in
theories with first-class constraints can be equivalently reformulated as a deformation problem
of the BRST charge Ω0 and of the BRST-invariant Hamiltonian H0B of a given “free” first-class
theory. More precisely, if the interactions can be consistently constructed, then the “free” BRST
charge can be deformed into
Ω0 → Ωˆ = Ω0 + g
∫
dn−1x ωˆ1 + g
2
∫
dn−1x ωˆ2 +O
(
g3
)
=
= Ω0 + gΩˆ1 + g
2Ωˆ2 +O
(
g3
)
, (1)
where the BRST charge of the interacting theory Ωˆ must satisfy the equation[
Ωˆ, Ωˆ
]
= 0. (2)
The last relation projected on various powers in the deformation parameter g is equivalent with
the tower of equations
[Ω0,Ω0] = 0, (3)
2
[
Ω0, Ωˆ1
]
= 0, (4)
2
2
[
Ω0, Ωˆ2
]
+
[
Ωˆ1, Ωˆ1
]
= 0, (5)
...
In a similar manner the BRST-invariant Hamiltonian of the “free” theory can be deformed like
H0B → HˆB = H0B + g
∫
dn−1x hˆ1 + g
2
∫
dn−1x hˆ2 +O
(
g3
)
=
= H0B + gHˆ1 + g
2Hˆ2 +O
(
g3
)
, (6)
and it stands for the BRST-invariant Hamiltonian of the coupled system[
HˆB, Ωˆ
]
= 0. (7)
The decomposition of the relation (7) according to the various orders in the coupling constant
reveals a new tower of equations
[H0B,Ω0] = 0, (8)[
Hˆ1,Ω0
]
+
[
H0B, Ωˆ1
]
= 0, (9)[
Hˆ2,Ω0
]
+
[
Hˆ1, Ωˆ1
]
+
[
H0B, Ωˆ2
]
= 0, (10)
...
While, the equations (3) and (8) are satisfied since Ω0 and H0B are by hypothesis the BRST
charge and respectively the BRST-invariant Hamiltonian of the “free” theory, the resolution of
the remaining equations ((4)–(5), etc., and (9)–(10), etc.) by means of cohomological techniques
provides the hamiltonian BRST description of the interacting gauge theory corresponding to the
initial “free” one.
3 Free BRST symmetry
Our starting point is a free, topological field theory of BF-type in n ≥ 4 spacetime dimensions that
involves two types of one-forms, a collection of scalar fields, and a system of two-forms, described
by the lagrangian action
S0
[
Aaµ,H
a
µ, ϕa, B
µν
a
]
=
∫
dnx
(
Haµ∂
µϕa +
1
2
Bµνa ∂[µA
a
ν]
)
, (11)
where here and in the sequel the notation [µ . . . ν] (or [i . . . j]) signifies full antisymmetry with
respect to the indices between brackets without normalization factors (i.e. the independent terms
appear only once and are not multiplied by overall numerical factors). The above action is invariant
under the gauge transformations
δǫA
a
µ = ∂µǫ
a, δǫH
a
µ = ∂
νǫaµν , δǫϕa = 0, δǫB
µν
a = ∂ρǫ
µνρ
a , (12)
which are off-shell (n− 2)-stage reducible, where the gauge parameters ǫa, ǫaµν , and ǫ
µνρ
a are bosonic,
the last two sets being completely antisymmetric.
After the elimination of the second-class constraints (the coordinates of the reduced phase-space
are zA =
(
π0a, A
a
µ, B
µν
a , p
i
a,H
a
µ, π
a
ij , ϕa
)
), we are left with a system subject only to the first-class
constraints
G(1)a ≡ π
0
a ≈ 0, G
(2)
a ≡ −∂iB
0i
a ≈ 0, (13)
G
(1)a
ij ≡ 2π
a
ij ≈ 0, G
(2)a
ij ≡ −∂[iA
a
j] ≈ 0, (14)
γ(1)ia ≡ −p
i
a ≈ 0, γ
(2)i
a ≡ ∂
iϕa ≈ 0, (15)
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and displaying the first-class Hamiltonian
H0 =
∫
dn−1x
(
−Hai γ
(2)i
a +
1
2
Bija G
(2)a
ij +A
a
0G
(2)
a
)
, (16)
in terms of the non-vanishing fundamental Dirac brackets[
π0a(t,x), A
b
0(t,y)
]
= −δbaδ
n−1 (x− y) , (17)[
B0ia (t,x), A
b
j(t,y)
]
= −δijδ
b
aδ
n−1 (x− y) , (18)
[Ha0 (t,x), ϕb(t,y)] = −δ
a
b δ
n−1 (x− y) , (19)[
πaij(t,x), B
kl
b (t,y)
]
= −
1
2
δ
[k
i δ
l]
j δ
a
b δ
n−1 (x− y) , (20)[
pia(t,x),H
b
j (t,y)
]
= −δijδ
b
aδ
n−1 (x− y) . (21)
The above constraints are abelian, while the remaining gauge algebra relations are expressed by[
H0, G
(1)
a
]
= G(2)a ,
[
H0, G
(2)
a
]
= 0, (22)[
H0, G
(1)a
ij
]
= G
(2)a
ij ,
[
H0, G
(2)a
ij
]
= 0, (23)[
H0, γ
(1)i
a
]
= γ(2)ia ,
[
H0, γ
(2)i
a
]
= 0. (24)
The constraint functions G
(2)a
ij are off-shell (n− 3)-stage reducible, with the reducibility functions
(of order (k − 2)) given by
(
Zai1i2...ik
)j1...jk−1
b
=
(−)k−1
(k − 1)!
δab ∂[i1δ
j1
i2
· · · δ
jk−1
ik]
, k = 3, n− 1, (25)
while the constraint functions γ
(2)i
a are off-shell (n− 2)-stage reducible, the associated reducibility
functions (of order (k − 1)) being
(
Zi1i2...ika
)b
j1...jk−1
=
(−)k−1
(k − 1)!
δba∂
[i1δi2j1 · · · δ
ik ]
jk−1
, k = 2, n− 1. (26)
The hamiltonian BRST formalism requires the introduction of the ghosts
ηa0 =
(
η(1)a, ηa, η(1)ija , η
ij
a , C
(1)a
i , C
a
i
)
, (27)
ηak =
(
Cai1...ik+1 , η
i1...ik+2
a
)
, k = 1, n − 3, (28)
ηan−2 =
(
Cai1...in−1
)
, (29)
together with their conjugated antighosts
Pa0 =
(
P(1)a ,Pa,P
(1)a
ij ,P
a
ij , P
(1)i
a , P
i
a
)
, (30)
Pak =
(
P
i1...ik+1
a ,P
a
i1...ik+2
)
, k = 1, n − 3, (31)
Pan−2 =
(
P i1i2...in−1a
)
. (32)
The first set of ghosts respectively corresponds to the first-class constraints (13)–(15), while the
other two are due to the reducibility of the first-class constraint functions. The fields ηa0 in (27)
are fermionic, the fields ηak in (28) possess the Grassmann parity (k + 1) mod 2, while those in
(29) have the Grassmann parity (n− 1) mod 2. The ghost number and Grassmann parity of the
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antighosts follow from the general rules of the standard hamiltonian BRST formalism. The ghost
number is defined in usual manner as the difference between the pure ghost number (pgh) and the
antighost number (agh), where
pgh
(
zA
)
= 0, pgh (ηa0) = 1, pgh (Pa0) = 0, (33)
pgh (ηak) = k + 1, pgh (Pak) = 0, k = 1, n− 3, (34)
pgh (ηan−2) = n− 1, pgh
(
Pan−2
)
= 0, (35)
agh
(
zA
)
= 0, agh (ηa0) = 0, agh (Pa0) = 1, (36)
agh (ηak) = 0, agh (Pak) = k + 1, k = 1, n − 3, (37)
agh (ηan−2) = 0, agh
(
Pan−2
)
= n− 1. (38)
The BRST charge of this free model takes the form
Ω0 =
∫
dn−1x
(
η(1)aG(1)a + η
aG(2)a + η
(1)ij
a G
(1)a
ij + η
ij
a G
(2)a
ij + C
(1)a
i γ
(1)i
a
+Cai γ
(2)i
a +
n−1∑
k=3
(−)k−1 ηi1i2...ika ∂[i1P
a
i2...ik]
+
n−1∑
k=2
(−)k−1Cai1i2...ik∂
[i1P i2...ik]a
)
, (39)
while the corresponding BRST-invariant Hamiltonian is expressed like
H0B = H0 +
∫
dn−1x
(
η(1)aPa + η
(1)ij
a P
a
ij + C
(1)a
i P
i
a
)
. (40)
In general, any function F with gh (F ) = 0 that is BRST-closed, [F,Ω0] = 0, is called BRST
observables. Due to the topological behavior of this model (the number of physical degrees of
freedom is equal to zero), all the BRST observables are trivial (BRST-exact), meaning that each of
them can be written like F = [M0,Ω0], for some fermionic M0 with gh (M0) = −1. In particular,
the BRST-invariant Hamiltonian is BRST-exact
H0B = [K0,Ω0] , (41)
where, in this situation,
K0 =
∫
dn−1x
(
Hai P
i
a −
1
2
Bija P
a
ij −A
a
0Pa
)
. (42)
The BRST symmetry of the free theory, s· = [·,Ω0], splits as
s = δ + γ, (43)
where δ denotes the Koszul-Tate differential (agh (δ) = −1, pgh (δ) = 0), and γ represents the
exterior longitudinal derivative (agh (γ) = 0, pgh (γ) = 1). These two operators act on the variables
from BRST complex like
δzA = 0, δηak = 0, k = 0, n − 2, (44)
δP(1)a = −π
0
a, δPa = ∂iB
0i
a , δP
(1)i
a = p
i
a, δP
i
a = −∂
iϕa, (45)
δP
(1)a
ij = −2π
a
ij, δP
a
ij = ∂[iA
a
j], (46)
δP i1i2...ika = (−)
k ∂[i1P i2...ik]a , k = 2, n − 1, (47)
δPai1i2...ik = (−)
k ∂[i1P
a
i2...ik ]
, k = 3, n − 1, (48)
γAai = ∂iη
a, γAa0 = η
(1)a, γϕa = 0, γπ
0
a = 0, γp
i
a = 0, γπ
a
ij = 0, (49)
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γB0ia = 2∂jη
ij
a , γB
ij
a = 2η
(1)ij
a , γH
a
i = −C
(1)a
i , γH
a
0 = ∂
iCai , (50)
γη(1)a = γηa = γC
(1)a
i = γη
(1)ij
a = 0, (51)
γηija = 3∂kη
ijk
a , γC
a
i = 2∂
jCaij , (52)
γηi1...ika = (k + 1) ∂iη
ii1...ik
a , k = 3, n− 2, (53)
γCai1...ik = − (k + 1) ∂
iCaii1...ik , k = 2, n− 2, (54)
γηi1...in−1a = 0, γC
a
i1...in−1
= 0, (55)
γPak = 0, k = 0, n − 2. (56)
The last formulas will be employed in the next section at the deformation of the free theory.
4 Deformation of the BRST charge
In this section we solve the equations (4)–(5), etc., that govern the deformation of the BRST charge
in the case of the topological free model under study by relying on cohomological techniques.
As a result, we find that only the first-order deformation is nontrivial, while its consistency is
equivalent to the existence of a Poisson ‘two-tensor’ (in the collection indices) depending on the
undifferentiated scalar fields, that must be antisymmetric and fulfills a certain identity. This two-
tensor, together with its derivatives with respect to the scalar fields, parametrizes the final form of
the BRST charge. Two main types of deformations of the BRST charge are considered: one that
breaks the PT invariance and the other that preserves it. Although unrelated at the level of the
first-order deformation, these two kinds of solutions become connected when passing to the higher-
order deformations. More precisely, the part that breaks the PT invariance is initially parametrized
by some completely antisymmetric ‘tensor’ of rank n, where n is the spacetime dimension, which
involves only the undifferentiated scalar fields from the collection. However, the consistency of
the first-order deformation requires that this antisymmetric ‘tensor’ is expressed precisely via the
derivatives of the Poisson ‘two-tensor’ that parametrizes the PT-invariant solution.
4.1 First-order deformation
Initially, we solve the equation (4), which is responsible for the first-order deformation of the BRST
charge. It takes the local form
sωˆ1 = ∂ijˆ
i, (57)
for some local jˆi. In order to simplify the exposition, we represent ωˆ1 like
ωˆ1 = ω1 + ω¯1, (58)
where ω1 is the component of the first-order deformation of the BRST charge that preserves the
PT invariance and ω¯1 is the piece that breaks the PT invariance. The concrete form of ω1 has been
obtained in [8] and is briefly exposed in the Appendix A. As it has been shown in [8], ω1 satisfies
individually an equation of the type (57), and therefore the decomposition (58) and the equation
(57) require that ω¯1 must separately verify a similar equation, i.e.
sω¯1 = ∂ij¯
i. (59)
In order to investigate the solutions to this equation, we develop ω¯1 according to the antighost
number and suppose that the development stops at a finite order
ω¯1 =
(0)
ω¯ 1 +
(1)
ω¯ 1 + · · ·+
(J)
ω¯ 1, agh
(
(I)
ω¯ 1
)
= I, gh
(
(I)
ω¯ 1
)
= 1, (60)
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where the last term can be assumed to be annihilated by γ
γ
(J)
ω¯ 1= 0. (61)
Both results can be shown by adapting the standard lagrangian arguments from [23] to the hamilto-
nian formulation. Thus, we need to compute the cohomology of the exterior longitudinal derivative,
H (γ), in order to determine the piece of highest antighost number in (60).
With the help of the definitions (49)–(56) of γ acting on the BRST generators, we remark that
every local representative of H (γ) is generated by
Φα =
(
F aij = ∂[iA
a
j], ϕa, π
0
a, p
i
a, π
a
ij , ∂iB
0i
a
)
, (62)
(together with their spatial derivatives up to a finite order), by the antighosts (30)–(32) and their
spatial derivatives up to a finite order, as well by the undifferentiated ghosts ηa, η
i1...in−1
a , and
Cai1...in−1 . (The ghosts η
(1)a, C
(1)a
i , and η
(1)ij
a , although γ-invariant, are also γ-exact, and hence
trivial in H (γ). The same is true with respect to the spatial part of the spacetime derivatives of
ηa, η
i1...in−1
a , and Cai1...in−1 .) In this way, the general, local solution to the equation (61) can be
written (up to trivial, γ-exact contributions) as
(J)
ω¯ 1= aJ
(
[Φα] , [Pak ]k=0,n−2
)
eJ+1
(
ηa, ηi1...in−1a , C
a
i1...in−1
)
, (63)
where eJ+1
(
ηa, η
i1...in−1
a , Cai1...in−1
)
stand for the elements with pure ghost number equal to (J + 1)
of a basis in the space of the polynomials in the corresponding ghosts, and aJ are γ-closed elements
of pure ghost number zero, with bounded antighost number, agh (aJ) = J . The objects aJ play
here the role of ‘invariant polynomials’ [24] from the lagrangian approach. The notation f ([q])
signifies that f depends on q and its spatial derivatives up to a finite order.
The equation (59) projected on antighost number (J − 1) becomes
δ
(J)
ω¯ 1 +γ
(J−1)
ω¯ 1= ∂i
(J)
m¯
i
. (64)
Introducing (63) in (64), it follows that a necessary condition for the existence of (nontrivial)
(J−1)
ω¯ 1
is that the ‘invariant polynomials’ aJ from (63) are (nontrivial) elements of HJ
(
δ|d˜
)
, where the
last notation means the cohomological space of the Koszul-Tate differential modulo the spatial part
of the exterior spacetime derivative in pure ghost number zero and in strictly positive antighost
number J
δaJ = ∂
ini, agh (ni) = J − 1, pgh (ni) = 0. (65)
Translating the lagrangian results from [24] regarding the triviality of the characteristic cohomology
for linear gauge theories at the hamiltonian level, since our model is (n− 2)-order reducible and
the constraint functions are linear in the reduced phase-space variables, we can state that
HK
(
δ|d˜
)
= 0 for all K > n− 1. (66)
The natural question raises, namely, if the result (66) is still valid in the space of ‘invariant poly-
nomials’ H inv
(
δ|d˜
)
, where an element of H invJ
(
δ|d˜
)
is defined like in (65), but with both aJ and
ni ‘invariant polynomials’. By analyzing what happens in most gauge theories at the lagrangian
level, it is quite reasonable to assume the validity of (66) in the space of ‘invariant polynomials’
H invK
(
δ|d˜
)
= 0 for all K > n− 1. (67)
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Moreover, (67) is a consequence of the more general result that if aK is an ‘invariant polynomial’
with agh (aK) = K ≥ n− 1, which is trivial in HK
(
δ|d˜
)
, aK = δbK + ∂
imi, with agh (bK) = K+1
and agh (mi) = K, then it can be taken to be trivial also in H
inv
K
(
δ|d˜
)
, i.e., both bK and mi can
be taken to be ‘invariant polynomials’.
The previous results on H
(
δ|d˜
)
andH inv
(
δ|d˜
)
in strictly positive antighost numbers are impor-
tant because they control the obstructions to removing the antighosts from the first-order deforma-
tion of the BRST charge. More precisely, one can successively eliminate all the pieces of antighost
number strictly greater than (n− 1) from ω¯1 by adding only trivial terms, so one can take, without
loss of nontrivial objects, the condition J ≤ n−1 in the decomposition (60). Moreover, the last rep-
resentative can always be taken to belong to H (γ), with the corresponding ‘invariant polynomial’
a nontrivial object from H invJ
(
δ|d˜
)
for J > 1 and respectively from H1
(
δ|d˜
)
if J = 1.
Consequently, we can assume that J = n− 1 in (60)
ω¯1 =
(0)
ω¯ 1 +
(1)
ω¯ 1 + · · ·+
(n−1)
ω¯ 1, (68)
with
(n−1)
ω¯ 1 given by (63) for J = n− 1 and an−1 a nontrivial element from H
inv
n−1
(
δ|d˜
)
. After some
computation, we find that the most general representative of both Hn−1
(
δ|d˜
)
and H invn−1
(
δ|d˜
)
can
be expressed like
a
i1...in−1
n−1 =
∂U
∂ϕa
P i1...in−1a +
n−1∑
p=2
∑
1≤j1≤j2≤···≤jp<n−1
∂pU
∂ϕa1∂ϕa2 · · · ∂ϕap
×
×P
[i1...ij1
a1 P
ij1+1...ij1+j2
a2 · · ·P
ij1+···+jp−2+1...ij1+···+jp−1
ap−1 P
ij1+···+jp−1+1...in−1]
ap , (69)
where U is an arbitrary function involving only the undifferentiated scalar fields ϕa, and jp means
jp = n− 1− (j1 + j2 + · · ·+ jp−1) . (70)
Taking into account the definitions (44)–(48) of the Koszul-Tate differential, one can prove the
recursive relations
δai1i2...ikk = (−)
k ∂[i1a
i2...ik]
k−1 , k = 1, n − 1, (71)
where for k = 2, n − 2 we have
ai1...ikk =
∂U
∂ϕa
P i1...ika +
k∑
q=2
∑
1≤j1≤j2≤···≤jq<k
∂qU
∂ϕa1∂ϕa2 · · · ∂ϕaq
×
×P
[i1...ij1
a1 P
ij1+1...ij1+j2
a2 · · ·P
ij1+···+jq−2+1...ij1+···+jq−1
aq−1 P
ij1+···+jq−1+1...ik]
aq , (72)
while for k = 1 and respectively k = 0 we obtain
ai1 =
∂U
∂ϕa
P ia, a0 = U. (73)
In (72) we used the notation jq = k− (j1 + j2 + · · ·+ jq−1). Now, we can completely determine the
last component in (68). The elements of pure ghost number equal to n, en
(
ηa, η
i1...in−1
a , Cai1...in−1
)
,
are given by
en :
(
ηaCbi1...in−1 , η
aηbηi1...in−1c , η
a1ηa2 · · · ηan
)
(74)
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for all n ≥ 41. It means that the piece of highest antighost number in the first-order deformation
is fully determined once we ‘glue’ (69) to (74) like in (63). The last component of en needs the
adjustment of a completely antisymmetric constant Ki1...in−1 in order to match (69), which can only
be, by ‘covariance’ arguments, proportional to the spatial part of the completely antisymmetric
symbol in n dimensions, ε0i1...in−1 . Even if we ‘force’ the introduction of additional antisymmetric
symbols in the components of ωˆ1 involving the first two elements in (74), we finally obtain that
such terms are always proportional with some objects that contain no antisymmetric symbols, like
in (132). In conclusion, there is no possibility to construct pieces from
(n−1)
ω¯ 1 that involve either
of the first two elements in (74). Such terms can only bring contributions to the element
(n−1)
ω 1 of
highest antighost number in the first-order deformation of the BRST charge that preserves the PT
invariance, ω1.
As we have stated in the beginning of this section, here we focus only on the interactions that
break the PT invariance and which, by virtue of the above discussion, can be generated just by the
third element in (74), such that we can write
(n−1)
ω¯ 1=
(−)[
n
2 ]
n!
ǫ0i1...in−1N
i1...in−1
a1...an
ηa1 · · · ηan , (75)
where
[
n
2
]
denotes the integer part of n2 . The element N
i1...in−1
a1...an in (75) results from a
i1i2...in−1
n−1 in
(69) where we replace the function U depending only on the undifferentiated scalar fields with a
completely antisymmetric ‘tensor’ of rank n, Na1...an , also involving just the ϕa’s
N i1...in−1a1...an =
∂Na1...an
∂ϕb
P
i1i2...in−1
b +
n−1∑
p=2
∑
1≤j1≤j2≤···≤jp<n−1
∂pNa1...an
∂ϕb1∂ϕb2 · · · ∂ϕbp
×
×P
[i1...ij1
b1
P
ij1+1...ij1+j2
b2
· · ·P
ij1+···+.jp−2+1...ij1+···+jp−1
bp−1
P
ij1+···+jp−1+1...in−1]
bp
. (76)
The supplementary numerical factor from (75) has been added for further convenience.
Introducing the relation (75) into the equation (64) for J = n − 1 and using the definitions
(44)–(56), we infer that the piece with the antighost number equal to (n− 2) from the first-order
deformation of the BRST charge that breaks the PT invariance reads as
(n−2)
ω¯ 1=
(−)[
n
2 ]+1
(n− 1)!
∑
p≥1
(−)p ǫ0i1...in−1−p...in−1N
[i1...in−1−p
a1...an P
a1in−p...in−1]ηa2 · · · ηan . (77)
If we take into account the decomposition (43) of the free BRST differential and insert the expansion
(68) into the equation (59), it follows that the component
(n−3)
ω¯ 1 is solution to the equation (64) with
J → n − 2. Substituting the solution (77) into this equation and using the definitions (44)–(56),
after some computation we find that
(n−3)
ω¯ 1 =
(−)[
n
2 ]+2
(n− 2)!
∑
p1≥p2≥1
(−)p1 ǫ0i1...in−1−(p1+p2)...in−1N
[i1...in−1−(p1+p2)
a1...an × (78)
×Pa1in−(p1+p2)...in−1−p2Pa2in−p2 ...in−1]ηa3 · · · ηan .
1For n = 4 there is an extra possibility because η
i1···in−1
a → η
ijk
a , with pgh
(
ηijka
)
= 2, and so we have a
supplementary element of the basis in the ghosts at pure ghost number n = 4, namely, ηijka η
i′j′k′
b . However, this
element can be discarded [10], so finally (74) still covers all the investigated situations.
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In a similar manner we solve the equations that govern the terms of antighost number (n−m)
from ω¯1 with m = 4, n − 2, which are expressed by (64) with J → n−m+ 1, and get that
(n−m)
ω¯ 1 =
(−)[
n
2 ]+m−1
(n−m+ 1)!
∑
p1≥p2≥···≥pm−1≥1
(−)Ξ ǫ0i1...in−1−(p1+p2+···+pm−1)...in−1
×
×N
[i1...in−1−(p1+···+pm−1)
a1...an P
a1in−(p1+p2+···+pm−1)
...i
n−1−(p2+···+pm−1) ×
×P
a2in−(p2+···+pm−1)
...i
n−1−(p3+···+pm−1) · · · Pam−1in−pm−1 ...in−1]ηam · · · ηan , (79)
where we made the notations M =
([
m
2
]
− 1
)
and Ξ ≡ p1 + p3 + · · · + p2M+1. In the equations
(77)–(79) we denoted by Pai the spatial part of the collection of one-forms Aaµ
Pai ≡ Aai (80)
in order to write the pieces that compose the first-order deformation of the BRST charge ω¯1 in a
brief, compact manner. We proceed in the same way with the equation (64) for J → 2 and J → 1,
and determine the elements of antighost number one and respectively zero from ω¯1 in the form
(1)
ω¯ 1 =
1
2
ǫ0i1...in−1
(
−N [i1a1...anA
a1i2Aa2i3 · · ·Aan−2in−1]
+Na1...anP
a1[i1i2Aa2i3Aa3i4 · · ·Aan−2in−1]
)
ηan−1ηan , (81)
(0)
ω¯ 1= ǫ0i1...in−1Naa1...an−1A
a1i1 · · ·Aan−1in−1ηa, (82)
where we reverted to the one-form notation.
In consequence, so far we have computed the first-order deformation of the BRST charge that
breaks the PT invariance like
ω¯1 =
n−1∑
k=0
(k)
ω¯ 1, (83)
such that the full first-order deformation of the BRST charge is
Ωˆ1 =
∫
dn−1x (ω1 + ω¯1) , (84)
with ω1 given in the Appendix A. We emphasize that the solutions
(k)
ω¯ 1 obtained in the above also
include, for all k < n − 1, the solutions corresponding to the associated ‘homogeneous’ equations
γ
(k)
ω¯′1= 0. In order to simplify the exposition we avoided the discussion regarding the selection
procedure of these solutions such as to comply with obtaining some consistent components of the
first-order deformation of the BRST charge at each value of the antighost number. It is however
interesting to note that this procedure allows no new functions of the scalar fields beside Na1...an
to parametrize the solution ω¯1.
4.2 Higher-order deformations
Our next concern is to analyze the existence of higher-order deformations of the BRST charge. In
view of this, we make the notations Ωˆ2 =
∫
dn−1x b and
[
Ωˆ1, Ωˆ1
]
=
∫
dn−1x∆, and observe that
the equation (5), which governs the second-order deformation of the BRST charge, takes the local
form
∆ = −2sb+ ∂im
i. (85)
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We mention that at this stage the entire BRST charge (84) must be taken into account, and not
only the PT-breaking component ω¯1. In view of the results from the previous subsection, combined
with those from the Appendix A, direct computation finally leads to
∆ = Kabctabc +
n−1∑
k=1
Kabca1a2...ak
∂ktabc
∂ϕa1∂ϕa2 · · · ∂ϕak
+Kabcd t
d
abc +
n−1∑
k=1
Kabcd, a1a2...ak
∂ktdabc
∂ϕa1∂ϕa2 · · · ∂ϕak
+Ka1...an+1ta1...an+1 +
n−1∑
k=1
K
a1...an+1
b1...bk
∂kta1...an+1
∂ϕb1∂ϕb2 · · · ∂ϕbk
, (86)
where
tabc = WecM
c
ab +Wea
∂Wbc
∂ϕe
+Web
∂Wca
∂ϕe
, (87)
tdabc = We[a
∂Mdbc]
∂ϕe
+Mde[aM
e
bc], (88)
ta1...an+1 =
∂N[a1...an
∂ϕb
Wan+1]b +M
b
[a1a2
Na3...an+1]b. (89)
All the objects Kabc, Kabcd , K
abc
a1a2...ak
, Kabcd, a1a2...ak , K
a1...an , andKa1...anb1...bk are polynomials that involve
only undifferentiated ghosts, antighosts, and fields B0ia and A
a
i , none of them being BRST-exact.
On the other hand, the equation (85) requires that ∆ is s-exact modulo d˜, and, in fact, since ∆
contains no derivatives, it demands that ∆ must be s-exact. Since neither of the terms in (86) is
so, it results that the consistency of the first-order deformation of the BRST charge asks that ∆
must vanish. This takes place if and only if the equations
tabc = 0, t
d
abc = 0, (90)
ta1...an+1 = 0 (91)
are simultaneously satisfied. As it has been shown in [8], the general solution to the equations (90)
is of the form
M cab =
∂Wab
∂ϕc
, (92)
where Wab is an antisymmetric ‘two-tensor’ in the undifferentiated scalar fields, subject to the
identities
We[a
∂Wbc]
∂ϕc
= 0. (93)
Due to the fact that the antisymmetric functions Wab depend only on the undifferentiated scalar
fields from the collection and verify the identities (93), they can be interpreted as the components
of the Poisson two-tensor of a Poisson manifold with the target space locally parametrized by the
scalar fields. Under these circumstances, the general solution of (91) can be represented like
Na1...an = fb[a1...an−2
∂Wan−1an]
∂ϕb
, (94)
where fa1...an are some completely antisymmetric constants. Consequently, we can take the second-
order deformation of the BRST charge to vanish, Ωˆ2 = 0, and, in fact, all the higher-order defor-
mation equations are satisfied with the choice
Ωˆk = 0 for all k ≥ 2. (95)
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In conclusion, the deformed BRST charge, consistent to all orders in the coupling constant, simply
reduces to the sum between the free BRST charge and the first-order deformation
Ωˆ = Ω0 + gΩˆ1 = Ω0 + g
∫
dn−1x
n−1∑
k=0
(
(k)
ω1 +
(k)
ω¯1
)
= Ω0 + g
(
Ω1 + Ω¯1
)
, (96)
where
(k)
ω¯1 and
(k)
ω1 are listed in (75), (77)–(79), (81)–(82) and respectively in (132), (135)–(139), with
the observation that M cab and Na1...an must be replaced with (92) and (94), while Wab are assumed
to verify the identities (93).
5 Deformation of the BRST-invariant Hamiltonian
We now turn our attention to the BRST-invariant Hamiltonian (40), whose deformation is stipu-
lated by the equations (9)–(10), etc. We will prove that the deformed BRST-invariant Hamiltonian,
just like the BRST charge, stops at order one in the coupling constant and, moreover, is trivial
(BRST-exact) with respect to the fully deformed BRST symmetry, which confirms the preservation
of the topological behavior also at the level of the interacting theory.
Initially, we approach the equation (9), associated with its first-order deformation. Inserting
(41) in (9) and using (4) and the Jacobi identity with respect to the Dirac bracket, we find that
(9) is in fact equivalent to the equation
[
Hˆ1 −
[
K0, Ωˆ1
]
,Ω0
]
= 0, which shows that Hˆ1 −
[
K0, Ωˆ1
]
is nothing but a BRST observable of the free theory. As it has been argued in Section 3, all the
BRST observables are in this case trivial (BRST-exact), or, in other words, they belong to the
same equivalence class as the trivial observable zero. In consequence, we can take
Hˆ1 =
[
K0, Ωˆ1
]
, (97)
where the function K0 is displayed in (42). Next, we split Hˆ1 like the first-order deformation of the
BRST charge, as the sum between the PT-invariant component H1 and the PT-breaking part H¯1
Hˆ1 = H1 + H¯1. (98)
Recalling the similar decomposition of the first-order deformation of the BRST charge, we conse-
quently get that
H1 + H¯1 = [K0,Ω1] +
[
K0, Ω¯1
]
. (99)
It has been shown in [8] that
H1 = [K0,Ω1] , (100)
where the non-integrated density of H1 has the expression
h1 = −WabH
a
µA
bµ −
1
2
M cabA
a
µA
b
νB
µν
c
−M cab
(
1
2
Bijc η
aPbij +A
a
0P
b
ijη
ij
c +A
a
0η
bPc
)
+
∂Wab
∂ϕc
P ic
(
Hai η
b + Cai A
b
0
)
+
∂M cab
∂ϕd
Pdi
(
ηaAbjB
ij
c − η
aAb0B
0i
c + 2A
a
0A
b
jη
ij
c
)
+
1
4
(
∂M cab
∂ϕd
Pdij +
∂2M cab
∂ϕd∂ϕe
PdiPej
)
ηaηbBijc
+
n−1∑
k=2
Aa0
∂L
(k)
ω 1
∂ηa
, (101)
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and the notation ∂L/∂ηa for the left derivative with respect to ηa was employed. In (101) and
further, M cab takes the form (92). By means of the relations (99)–(100), one finds that H¯1 checks
the equation
H¯1 =
[
K0, Ω¯1
]
. (102)
On behalf of Ω¯1 given in (102), we determine that the non-integrated density of H¯1 reads as
h¯1 = ǫ0i1...in−1Na1...anA
a10Aa2i2 · · ·Aanin−1
−ǫ0i1...in−1η
a1
(
Na1...anA
a20Pa3[i1i2Aa4i3 · · ·Aanin−1]
−
∂Na1...an
∂ϕb
Aa20P
[i1
b A
a3i2 · · ·Aanin−1]
)
+
n−1∑
k=2
Aa0
∂L
(k)
ω¯ 1
∂ηa
, (103)
where in (103) and in what follows Na1...an takes the form (94).
In the next step we investigate the second-order deformation of the BRST-invariant Hamilto-
nian, subject to the equation (10). We observe that the third term in the right-hand side of the
equation (10) vanishes since Ωˆ2 = 0. Making use of (97) and employing once more the Jacobi
identity with respect to the Dirac bracket, it is easy to see that the second term in the right-hand
side of (10) can be written like
[
Hˆ1, Ωˆ1
]
=
1
2
[
K0,
[
Ωˆ1, Ωˆ1
]]
, (104)
and it vanishes according to the fact (established in the previous section) that
[
Ωˆ1, Ωˆ1
]
= 0. Then,
we can set
Hˆ2 = 0, (105)
which leads to the fact that the remaining higher-order equations are satisfied for
Hˆk = 0, k > 2. (106)
As a consequence, we can write the fully deformed BRST-invariant Hamiltonian like
HB = H0B + g
(
H1 + H¯1
)
= H0B + gHˆ1, (107)
but also, taking into account (41), (96), and (97)
HB =
[
K0, Ωˆ
]
. (108)
The last formula confirms the topological behavior of the interacting model. It stresses that HB
is not only invariant with respect to the deformed hamiltonian BRST symmetry, but also exact.
This ends the deformation procedure of the BRST-invariant Hamiltonian for the free theory under
study.
6 Description of the interacting model
With the deformed BRST charge and BRST-invariant Hamiltonian at hand, in the sequel we will
be able to identify the main ingredients of the hamiltonian formulation for the resulting interacting
model and, on these grounds, also the associated coupled lagrangian action and its gauge trans-
formations. We recall that the deformed BRST charge is given in (96), with the corresponding
components listed in (75), (77)–(79), (81)–(82) and respectively in (132), (135)–(139), while the
deformed BRST-invariant Hamiltonian reads as in (107), with the non-integrated densities of H1
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and H¯1 given in (101) and (103). The functions M
c
ab and Na1...an must be replaced with (92) and
(94), while Wab are assumed to verify the identities (93).
It is well known that from the BRST charge and the BRST-invariant Hamiltonian one can
withdraw the entire hamiltonian formulation of a gauge theory. Thus, from the terms of antighost
number zero from (96) we see that only the secondary first-class constraints of the interacting model
are deformed like
G˜(2)a ≡ − (Di)
b
a B
0i
b + gWabH
b
0 + gǫ0i1...in−1 ×
×Naa1...an−1A
a1i1Aa2i2 · · ·Aan−1in−1 ≈ 0, (109)
G¯
(2)a
ij ≡ −F¯
a
ij ≈ 0, (110)
γ¯(2)ia ≡ D
iϕa ≈ 0, (111)
while the primary ones are not affected by the deformation procedure, being given by (13)–(15).
In the above we used the notations
(Di)
b
a = δ
b
a∂i + g
∂Wac
∂ϕb
Aci , (112)
F¯ aij = ∂[iA
a
j] + g
∂Wbc
∂ϕa
AbiA
c
j , (113)
Diϕa = ∂
iϕa + gWabA
bi. (114)
The pieces of antighost number one in (96) reveal that only the Dirac brackets between the sec-
ondary first-class constraints are modified as
[
G˜(2)a , G˜
(2)
b
]
= −g
(
∂Wab
∂ϕc
G˜(2)c −
∂2Wab
∂ϕc∂ϕd
Bd0iγ¯
(2)i
c
)
+gǫ0i1...in−1
(
∂Nabc1...cn−2
∂ϕd
γ¯
(2)[i1
d A
c1i2 · · ·Acn−2in−1]
−Nabc1...cn−2G¯
(2)c1[i1i2Ac2i3 · · ·Acn−2in−1]
)
, (115)
[
G˜(2)a , G¯
(2)b
ij
]
= g
(
∂Wac
∂ϕb
G¯
(2)c
ij −
∂2Wac
∂ϕb∂ϕd
γ¯
(2)
d[iA
c
j]
)
, (116)
[
G˜(2)a , γ¯
(2)i
b
]
= −g
∂Wab
∂ϕc
γ¯(2)ic . (117)
If we compare the expressions (109)–(117) with the similar results from [8], we observe that here
appear some supplementary contributions, due to the presence of the terms from the deformed
BRST charge that break the PT invariance. Actually, from (96) one can read the entire tensor
gauge structure of the first-class constraints by analyzing the various polynomials in ghosts and
antighosts. For instance, the relations (115)–(117) signify that the gauge algebra of the first-class
constraints is open (only closes on the first-class constraint surface) and, meanwhile, offer us the
concrete form of the first-order structure functions. Still, higher-order structure functions appear by
taking repeatedly the Dirac brackets among more than two deformed first-class constraint functions
and can be read from the corresponding polynomials of higher antighost number in (96). Apart
from exhibiting an intricate gauge algebra, the deformed first-class constraints remain reducible
of order (D − 2), like those corresponding to the free model. The structure of the reducibility
functions and relations is completely revealed by some of the terms of antighost number greater or
equal to one from (96). These pieces are not modified by the presence of the terms that break the
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PT invariance, being the same like in [8]. However, for the sake of completeness, they are discussed
in the Appendix B.
Let us analyze now the deformed BRST-invariant Hamiltonian (107). Its component of antighost
number zero,
Hˆ0 =
∫
dn−1x
(
−Hai γ¯
(2)i
a +
1
2
Bija G¯
(2)a
ij +A
a
0G˜
(2)
a
)
, (118)
is nothing but the first-class Hamiltonian of the coupled model. From the terms of antighost
number zero we determine the deformed Dirac brackets between the new first-class constraints and
the first-class Hamiltonian of the interacting theory under the form[
Hˆ0, G
(1)
a
]
= G˜(2)a , (119)
[
Hˆ0, G˜
(2)
a
]
= g
∂Wab
∂ϕc
(
Ab0G˜
(2)
c −H
b
i γ¯
(2)i
c −
1
2
G¯
(2)b
ij B
ij
c
)
+g
∂2Wac
∂ϕb∂ϕd
(
1
2
Bijb γ¯
(2)
d[iA
c
j] −Bd0iA
c
0γ¯
(2)i
b
)
−gǫ0i1...in−1
(
Nab1...bn−1A
b10G¯(2)b2[i1i2Ab3i3 · · ·Abn−1in−1]
−
∂Nab1...bn−1
∂ϕc
Ab10γ¯(2)[i1c A
b2i2 · · ·Abn−1in−1]
)
, (120)
[
Hˆ0, G
(1)a
ij
]
= G¯
(2)a
ij , (121)[
HT , γ
(1)i
a
]
= γ¯(2)ia , (122)
[
Hˆ0, G¯
(2)a
ij
]
= g
(
∂Wbc
∂ϕa
Ab0G¯
(2)c
ij −
∂2Wcd
∂ϕa∂ϕb
Ac0γ¯
(2)
b[i A
d
j]
)
, (123)
[
Hˆ0, γ¯
(2)i
a
]
= g
∂Wab
∂ϕc
Ab0γ¯
(2)i
c . (124)
It is simple to see that the relations (118)–(124) also contain nontrivial contributions due to the
terms from the deformed BRST-invariant Hamiltonian that break the PT invariance. The other
terms in (107) reveal a new set of hamiltonian structure functions, that follow by taking repeatedly
the Dirac brackets involving the interacting first-class Hamiltonian and more than two deformed
first-class constraint functions. This sort of structure functions, as well as the equations satisfied
by them, can be written down directly from (107) by identifying the suitable polynomials in ghosts
and antighosts.
If we pass to the lagrangian formulation of the interacting theory (via the extended and total
actions, together with the accompanying gauge symmetries), then we obtain that the interacting
model is described by the lagrangian action
S
[
Aaµ,H
a
µ, ϕa, B
µν
a
]
=
∫
dnx
(
HaµD
µϕa +
1
2
Bµνa F¯
a
µν
−
1
n
gǫµ1...µnNa1...anA
a1µ1 · · ·Aanµn
)
, (125)
invariant under the gauge transformations
δǫA
a
µ = (Dµ)
a
b ǫ
b, (126)
δǫϕa = −gWabǫ
b, (127)
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δǫH
a
µ = (D
ν)ab ǫ
b
µν − g
∂Wbc
∂ϕa
ǫbHcµ
+g
∂2Wcd
∂ϕa∂ϕb
(
1
2
AcνAdρǫbµνρ +A
dνǫcBbµν
)
−gǫµµ1...µn−1
∂Nbc1...cn−1
∂ϕa
ǫbAc1µ1 · · ·Acn−1µn−1 , (128)
δǫB
µν
a = (Dρ)
b
a
ǫµνρb + gWabǫ
bµν − g
∂Wab
∂ϕc
ǫbBµνc
+g (n− 1) gµµ1gνµ2ǫµ1...µnNabc1...cn−2ǫ
bAc1µ3 · · ·Acn−2µn . (129)
At this stage it is clear that the deformation of the lagrangian gauge transformations is a con-
sequence of the deformation of the first-class constraints like in (109)–(111). The above gauge
transformations are on-shell (n− 2)-order reducible, i.e., the reducibility relations only hold on the
stationary surface of the field equations for the coupled action (125), while the accompanying gauge
algebra is open (the commutators among the deformed gauge transformations only close on-shell).
It is interesting to notice that the lagrangian formulation of the interacting BF theory contains
contributions that break the PT invariance.
7 Conclusion
In conclusion in this paper we have investigated the PT-symmetry breaking, consistent hamiltonian
interactions in all n ≥ 4 spacetime dimensions that can be added to an abelian BF model involving
a set of scalar fields, two sorts of one-forms, and a system of two-forms by means of the hamiltonian
deformation procedure based on local BRST cohomology. The results related to the deformation of
the BRST charge can be synthesized by the fact that only the first-order deformation is nontrivial,
while its consistency relies on the existence of a Poisson two-tensor on a target space parametrized
by the scalar fields. The deformation of the BRST-invariant Hamiltonian stops also at order
one in the coupling constant and proves to be exact with respect to the deformed BRST charge,
which confirms the topological character of the resulting interacting model. Both deformed BRST
ingredients contain terms that are not PT invariant. The associated coupled theory is an interacting,
topological BF model exhibiting an open gauge algebra (the Dirac brackets among the deformed
first-class constraint functions only close on the first-class surface) and on-shell reducibility (the
reducibility relations take place on the first-class surface).
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A Deformed BRST charge with PT invariance
In this Appendix we briefly recall the structure of the component from the deformed BRST charge
(58) that preserves the PT invariance, namely, ω1. Various details on the expression of ω1 and on
the interpretation of its various terms can be found in [8]. As it has been mentioned in Section 4,
ω1 is subject to the equation
sω1 = ∂ij
i, (130)
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for some local ji. Taking into account the general cohomological properties of the free BF model
described by (11) and discussed in the subsection 4.1, we can state that the most general decom-
position of ω1 along the antighost number can be taken to stop in antighost number (n− 1)
ω1 =
n−1∑
k=1
(k)
ω 1 . (131)
Furthermore, the last component,
(n−1)
ω 1, belongs to the space of pure ghost number equal to n
from the cohomology of the exterior longitudinal derivative, γ
(n−1)
ω 1= 0, and thus it is of the form
(63), with the corresponding ‘invariant polynomial’ from H invn−1
(
δ|d˜
)
, and hence of the type (69).
Requiring in addition that
(n−1)
ω 1 preserves the PT invariance, it follows that we can write
(n−1)
ω 1= −W
i1...in−1
ab η
aCbi1...in−1 −
(−)n
2
(M cab)
i1...in−1 ηaηbηci1...in−1 , (132)
where
W
i1...in−1
ab =
∂Wab
∂ϕc
P i1...in−1c +
n−1∑
p=2
∑
1≤j1≤j2≤···≤jp<n−1
∂pWab
∂ϕa1∂ϕa2 · · · ∂ϕap
×
×P
[i1...ij1
a1 P
ij1+1...ij1+j2
a2 · · ·P
ij1+···+.jp−2+1...ij1+···+.jp−1
ap−1 P
ij1+···+.jp−1+1...in−1]
ap (133)
and
(M cab)
i1...in−1 =
∂M cab
∂ϕd
P
i1...in−1
d +
n−1∑
p=2
∑
1≤j1≤j2≤···≤jp<n−1
∂pM cab
∂ϕa1∂ϕa2 · · · ∂ϕap
×
×P
[i1...ij1
a1 P
ij1+1...ij1+j2
a2 · · ·P
ij1+···+jp−2+1...ij1+···+jp−1
ap−1 P
ij1+···+jp−1+1...in−1]
ap ,(134)
with Wab and M
c
ab = −M
c
ab depending only on the undifferentiated scalar fields. The term of
antighost number (n− 2) from ω1 is subject to the equation δ
(n−1)
ω 1 +γ
(n−2)
ω 1= ∂i
(n−2)
m
i
and is
consequently given by
(n−2)
ω 1 = −W
i1...in−2
ab η
aCbi1...in−2 +
(−)n
2
(M cab)
i1...in−2 ηaηbηci1...in−2
−C1n−1W
i1...in−2
ab A
ain−1Cbi1...in−1
−
n∑
k=3
(−)k Ck−1n−1W
i1...in−k
ab P
ain−k+1...in−1Cbi1...in−1
− (−)nC1n−1 (M
c
ab)
i1...in−2 Aain−1ηbηci1...in−1
− (−)n
n∑
k=3
(−)k Ck−1n−1 (M
c
ab)
i1...in−k Pain−k+1...in−1ηbηci1...in−1 , (135)
where Ckn denotes the number of combinations of k objects drawn from n, while the elements
W
i1...in−2
ab and (M
c
ab)
i1...in−2 result from (133)–(134) where we make the replacement n → n − 1.
The component of antighost number (n− 3) is solution to the equation δ
(n−2)
ω 1 +γ
(n−3)
ω 1= ∂i
(n−3)
m
i
and reads as
(n−3)
ω 1 = −W
i1i2...in−3
ab η
aCbi1i2...in−3
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−
(−)n
2
(M cab)
i1i2...in−3 ηaηbηci1i2...in−3
−C1n−2W
i1i2...in−3
ab A
ain−2Cbi1i2...in−2
+
n∑
k=4
(−)k Ck−2n−2W
i1i2...in−k
ab P
ain−k+1...in−2Cbi1i2...in−2
+(−)nC1n−2 (M
c
ab)
i1i2...in−3 Aain−2ηbηci1i2...in−2
− (−)n
n∑
k=4
(−)k Ck−2n−2 (M
c
ab)
i1i2...in−k Pain−k+1...in−2ηbηci1i2...in−2
− (−)n
[n−22 ]∑
p=2
n−p−1∑
q=p+1
(−)q Cpn−1C
q
n−p−1 (M
c
ab)
i1...in−p−q−1 ×
×Paj1...jqPbl1...lpηci1...in−p−q−1j1...jql1...lp
−
(−)n
2
[n−12 ]∑
k=2
(−)k Ckn−1C
k
n−k−1 (M
c
ab)
i1...in−2k−1 ×
×Paj1...jkPbl1...lkηci1...in−2k−1j1...jkl1...lk
+(−)nC2n−1 (M
c
ab)
i1...in−3 Aain−2Abin−1ηci1i2...in−1 , (136)
where W
i1i2...in−3
ab and (M
c
ab)
i1i2...in−3 are obtained from (133)–(134) via the shift n→ n− 2. Along
the same line, we deduce that the pieces of antighost number (n−m), for m = 4, n − 2, are given
by
(n−m)
ω 1 = −W
i1i2...in−m
ab η
aCbi1i2...in−m
−C1n−m+1W
i1i2...in−m
ab A
ain−m+1Cbi1i2...in−m+1
−
n∑
k=m+1
(−)k+mCk−m+1n−m+1W
i1i2...in−k
ab P
ain−k+1...in−m+1Cbi1i2...in−m+1
+
(−)m+n
2
(M cab)
i1...in−m ηaηbηci1i2...in−m
− (−)m+nC1n−m+1 (M
c
ab)
i1...in−m Aain−m+1ηbηci1i2...in−m+1
−
n∑
k=m+1
(−)k+nCk−m+1n−m+1 (M
c
ab)
i1...in−k Pain−k+1...in−m+1ηbηci1i2...in−m+1
− (−)m+nC2n−m+2 (M
c
ab)
i1...in−m Aain−m+1Abin−m+2ηci1i2...in−m+2
+
1
2
[n−m+22 ]∑
k=2
(−)k+n+mCkn−m+2C
k
n−m−k+2 (M
c
ab)
i1...in−2k−m+2 ×
×Paj1...jkPbl1...lkηci1...in−2k−m+2j1...jkl1...lk
+
[n−m+12 ]∑
p=2
n−m−p+2∑
q=p+1
(−)q+n+mCpn−m+2C
q
n−m−p+2 (M
c
ab)
i1...in−m−p−q+2 ×
×Paj1...jqPbl1...lpηci1...in−m−p−q+2j1...jql1...lp
−
n∑
k=m+1
(−)k+nCk−m+1n−m+1C
1
n−m+2 (M
c
ab)
i1...in−k ×
×Pain−k+1...in−m+1Abin−m+2ηci1i2...in−m+2 , (137)
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where the elements W
i1i2...in−m
ab and (M
c
ab)
i1...in−m are deduced from (133)–(134) where we set
n → n −m + 1. Finally, the components of antighost number one and zero from the first-order
deformation ω1 respectively take the form
(1)
ω 1 = −
∂Wab
∂ϕc
P ic
(
ηaCbi + 2A
ajCbij
)
+WabP
aijCbij
+
∂M cab
∂ϕd
Pdi
(
1
2
ηaηbB0ic + 2A
a
j η
bηijc + 3A
a
jA
b
kη
ijk
c
)
−M cab
(
Paijη
bηijc + P
a
[ijA
b
k]η
ijk
c +
1
2
ηaηbPc
)
, (138)
(0)
ω 1=Wab
(
ηaHb0 −A
aiCbi
)
+M cab
(
Aai η
bB0ic −A
a
iA
b
jη
ij
c
)
. (139)
In conclusion, the first-order deformation of the BRST charge for the model under study that
preserves the PT invariance is the sum among the components (132) and (135)–(139).
B Reducibility of the deformed interacting model
Here, we investigate the reducibility of the first-class constraints corresponding to the interacting
model discussed in Section 6. In view of this, we analyze some of the terms contained in the
deformed BRST charge given in (96), with the corresponding components listed in (75), (77)–(79),
(81)–(82) and respectively in (132), (135)–(139). From the elements in (96) with antighost number
one that are linear in the ghosts one reads the first-order reducibility relations
(
Z¯ai1i2i3
)ij
b
G¯
(2)b
ij +
(
Z¯ai1i2i3
)b
i
γ¯
(2)i
b = 0, (140)(
Z¯i1i2a
)ij
b
G¯
(2)b
ij +
(
Z¯i1i2a
)b
i
γ¯
(2)i
b = 0, (141)
and also the associated first-order reducibility functions
(
Z¯ai1i2i3
)ij
b
=
1
2
(
D[i1
)a
b
δii2δ
j
i3]
, (142)
(
Z¯ai1i2i3
)b
i
= g
∂2Wcd
∂ϕa∂ϕb
gi[i1A
c
i2
Adi3], (143)(
Z¯i1i2a
)ij
b
= −
1
2
gWab
(
gi1igi2j − gi1jgi2i
)
, (144)(
Z¯i1i2a
)b
i
= −
(
D[i1
) b
a
δ
i2]
i , (145)
where
(Di)
a
b = δ
a
b ∂i − g
∂Wbc
∂ϕa
Aci . (146)
The part from (96) that is linear in the ghosts with the pure ghost number equal to k + 1 ≥ 3
contains polynomials of antighost number k ≥ 2, which are at least quadratic in the antighosts, so
the reducibility relations of order k ≥ 2 only close on the first-class constraint surface (on-shell).
For instance, in pure ghost number three (k + 1 = 3) the second-order reducibility relations take
place on-shell
(
Z¯ai1i2i3i4
)j1j2j3
b
(
Z¯bj1j2j3
)ij
c
f cij +
(
Z¯ai1i2i3i4
)b
j1j2
(
Z¯j1j2b
)ij
c
f cij
= −g
(
∂Wbc
∂ϕa
G¯
(2)b
[i1i2
f ci3i4] −
∂2Wcd
∂ϕa∂ϕb
γ¯
(2)
b[i1
Aci2f
d
i3i4]
)
, (147)
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(
Z¯i1i2i3a
)b
j1j2
(
Z¯j1j2b
)c
i
f ic +
(
Z¯i1i2i3a
)j1j2j3
b
(
Z¯bj1j2j3
)c
i
f ic
= g
(
∂Wab
∂ϕc
G¯(2)b[i1i2f i3]c −
∂2Wab
∂ϕc∂ϕd
γ¯(2)[i1c A
bi2f
i3]
d
)
, (148)
where f ic and f
c
ij are some arbitrary, smooth functions (the latter ones are antisymmetric in their
spatial indices). The reducibility functions involved in (147) and (148) take the form
(
Z¯ai1i2i3i4
)j1j2j3
b
= −
1
3!
(
D[i1
)a
b
δj1i2 δ
j2
i3
δj3
i4]
, (149)
(
Z¯ai1i2i3i4
)b
j1j2
= −
g
2
gj1k1gj2k2
∂2Wcd
∂ϕa∂ϕb
δk1[i1δ
k2
i2
Aci3A
d
i4]
, (150)
(
Z¯i1i2i3a
)b
j1j2
=
1
2
(
D[i1
) b
a
δi2j1δ
i3]
j2
, (151)(
Z¯i1i2i3a
)j1j2j3
b
=
g
3!
Wab
∑
σ∈S3
(−)σ gi1jσ(1)gi2jσ(2)gi3jσ(3) . (152)
In (152) S3 is the set of permutations of the elements {1, 2, 3} and (−)
σ denotes the parity of the
permutation σ from S3.
Reprising a similar analysis with respect to the terms from (96) linear in the ghosts with the
pure ghost number equal to (p+ 1), p = 3, n − 3, we deduce some reducibility relations of order p
that also close on-shell, namely,
(
Z¯ai1...ip+2
)j1...jp+1
b
(
Z¯bj1...jp+1
)k1...kp
c
+
(
Z¯ai1...ip+2
)b
j1...jp
(
Z¯
j1...jp
b
)k1...kp
c
≈ 0, (153)
(
Z¯
i1...ip+1
a
)b
j1...jp
(
Z¯
j1...jp
b
)c
k1...kp−1
+
(
Z¯
i1...ip+1
a
)j1...jp+1
b
(
Z¯bj1...jp+1
)c
k1...kp−1
≈ 0, (154)
with the reducibility functions
(
Z¯ai1...ip+2
)j1...jp+1
b
=
(−)p+1
(p+ 1)!
(
D[i1
)a
b
δj1i2 · · · δ
jp+1
ip+2]
, (155)
(
Z¯ai1...ip+2
)b
j1...jp
= −
(−)p g
p!
gj1k1 · · · gjpkp
∂2Wcd
∂ϕa∂ϕb
δk1[i1 · · · δ
kp
ip
Acip+1A
d
ip+2]
, (156)
(
Z¯
i1...ip+1
a
)b
j1...jp
=
(−)p
p!
(
D[i1
) b
a
δi2j1 · · · δ
ip+1]
jp
, (157)
(
Z¯
i1...ip+1
a
)j1...jp+1
b
=
(−)p g
(p+ 1)!
Wab
∑
σ∈Sp+1
(−)σ gi1jσ(1)gi2jσ(2) · · · gip+1jσ(p+1) . (158)
In (158) Sp+1 is the set of permutations of the elements {1, . . . , p + 1}, while (−)
σ stands for
the parity of the permutation σ belonging to Sp+1. The reducibility relations of maximum order,
(n− 2), follow from the elements in (96) that are linear in the ghosts with the pure ghost number
equal to (n− 1)
(
Z¯i1...in−1a
)b
j1...jn−2
(
Z¯
j1...jn−2
b
)c
k1...kn−3
fk1...kn−3c
+
(
Z¯i1...in−1a
)j1...jn−1
b
(
Z¯bj1...jn−1
)c
k1...kn−3
fk1...kn−3c
= −g
(
∂2Wab
∂ϕc∂ϕd
γ¯(2)[i1c A
bi2f
i3...in−1]
d −
∂Wab
∂ϕc
G¯(2)b[i1i2f i3...in−1]c
)
, (159)
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(
Z¯i1...in−1a
)b
j1...jn−2
(
Z¯
j1...jn−2
b
)k1...kn−2
c
f ck1...kn−2
+
(
Z¯i1...in−1a
)j1...jn−1
b
(
Z¯bj1...jn−1
)k1...kn−2
c
f ck1...kn−2
= −g
∂Wab
∂ϕc
γ¯(2)[i1c f
bi2...in−1], (160)
with f
k1...kn−3
c and f ck1...kn−2 some arbitrary, smooth functions, completely antisymmetric in their
spatial indices. The reducibility functions of order (n− 2) are consequently given by
(
Z¯i1...in−1a
)b
j1...jn−2
=
(−)n
(n− 2)!
(
D[i1
) b
a
δi2j1 · · · δ
in−1]
jn−2
, (161)
(
Z¯i1...in−1a
)j1...jn−1
b
=
(−)n g
(n− 1)!
Wab
∑
σ∈Sn−1
(−)σ gi1jσ(1)gi2jσ(2) · · · gin−1jσ(n−1) . (162)
The notations Sn−1 and (−)
σ have the same meanings like before.
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